We study the triviality of the solutions of weighted superlinear heat equations on Riemannian manifolds with nonnegative Ricci tensor. We prove a Liouville-type theorem for solutions bounded from below with nonnegative initial data, under an integral growth condition on the weight.
Introduction
The purpose of this note is the study of the triviality (constancy in space and time) of the solutions of weighted superlinear heat equations on Riemannian manifolds with nonnegative Ricci tensor. We will prove a Liouville-type theorem for solutions which are bounded from below with nonnegative initial data, under an integral growth condition on the weight. Precisely, we investigate the nonexistence of classical (C 2 in space and C 1 in time) nontrivial solutions u ∈ C 2,1 (M × (0, +∞)) ∩ C 0 (M × [0, +∞)) of the problem u t − ∆u = |u| p V in M × (0, +∞) and u(·, 0) = u 0 ≥ 0, (1.1) where (M, g) is a smooth, connected and complete Riemannian manifold of dimension n, V is a given positive function, ∆ denotes the Laplace-Beltrami operator on (M, g) and p > 1. Concerning the positive weight V , we will assume that V ∈ C 0 (M × (0, +∞)). Throughout all the paper, we will assume the nonnegativity of the Ricci tensor Ric of the manifold (M, g), with the meaning that all its eigenvalues are nonnegative. By the Bishop-Gromov inequality (see Section 11.1.3 in [9] ), this implies that there exists a constant C > 0 such that µ(B R ) ≤ CR n for any R > 0, (1.2) where µ is the canonical volume measure of (M, g), n is the dimension of the manifold and B R denotes any geodesic ball in M with radius R. Definition 1.1. We say that the conditions (VOL) hold for V if there exist a point x 0 ∈ M and positive constants C, R 0 and α such that for every R ≥ R 0 , we have
Our main result is the following theorem.
, bounded from below and such that u(·, 0) = u 0 ≥ 0, with V ∈ C 0 (M ×(0, +∞)) positive and satisfying conditions (VOL), with 1 < p < 1 + 2/α. Then u ≡ 0.
In the case V ≡ 1, the estimate (1.2) easily implies that the conditions (VOL) are satisfied for α = n. In particular, as a corollary of Theorem 1.2, we recover the triviality of the positive solutions of problem (1.1) up to the critical Fujita exponent (i.e. for p < 1 + 2/n), in accordance with [10] and [11] . Moreover, we underline that previous similar Liouvilletype theorems (see for instance [8] and references therein) require the nonnegativity of the solutions, while here we just assume their boundedness from below. Remark 1.3. The assumptions of Theorem 1.2 about the nonnegativity of the initial datum u 0 as well as the restriction on the exponent p are almost optimal.
If we consider the function
we easily see that v satisfies v t = ∆v + |v| p in M × (0, +∞) for any p > 1, with v(x, 0) = −(p − 1) − 1 p−1 < 0, so that v is a negative, nonconstant, bounded below, global solution to problem (1.1) for V ≡ 1. Thus, the hypothesis on the nonnegativity of the initial datum cannot be removed.
In the Euclidean case M = R n , choosing V ≡ 1 and α = n, Fujita in [4] proved that if p > 1 + 2/n, there exists a positive initial datum u 0 such that problem (1.1) admits a nonconstant global solution, bounded below. Hence, with the exception of the critical case p = 1 + 2/n (which exhibits triviality of solutions as in the subcritical case, but with a much more technical proof, see [1] ), the above restriction on the exponent p is necessary.
We will prove Theorem 1.2 in the next two sections: in Section 2 we will see that the boundedness from below implies the nonnegativity of classical "supercaloric" functions (i.e. with nonnegative heat operator) with nonnegative initial data, hence also of the solutions of problem (1.1); in Section 3 we will show that, under the hypotheses of Theorem 1.2, any nonnegative solution is constant.
Positivity
In this section, thanks to an argument by Ecker and Huisken in [3] , we prove that any classical "supercaloric" function over M × [0, +∞), with Ric ≥ 0, which is bounded from below and nonnegative at t = 0, is globally nonnegative. This will clearly yield, as a particular case, that any bounded below solution of problem (1.1), with V > 0 and u 0 ≥ 0, is nonnegative.
(2.1)
Let us define F (s) = 1 A − s and notice that the function F is positive, increasing, convex and satisfies
in the interval (−∞, A). From inequality (2.1) we then have
For any
where the sign + means positive part. By the Laplacian comparison theorem (see [9, Chapter 9, Section 3.3]), the condition Ric ≥ 0 implies
4)
in the sense of support functions (or in the sense of viscosity, see [2] -check also [7, Appendix A] for comparison of the two notions), in particular, this inequality can be used in maximum principle arguments (see again [9, Chapter 9, Section 3], for instance). Recalling that |∇r| = 1, we have then
Hence, thanks to formulas (2.3) and (2.5), we see that w satisfies
Then, for any fixed t > 0, the function w(·, t) has compact support and at any maximum
Thus, from formulas (2.2) and (2.6), we conclude
in the set {w > 0} ∩ (M × (0, +∞)). Setting w max (t) = max x∈M w(x, t), it follows by Hamilton's trick (see [5] ) that for almost every t ∈ (0, R 2 /2n) there holds w ′ max (t) ≤ 0, which integrated implies
for every x ∈ M and t ≥ 0.
Then, for any 0 < δ < 1, in the set
This last inequality, from the definition of F , reads 
Triviality
By Proposition 2.1 in the previous section, we know that, under the hypotheses of Theorem 1.2, any classical solution of problem (1.1) bounded from below and with u(·, 0) = u 0 ≥ 0 is nonnegative. In this section, we will prove that any nonnegative solution is constant, see for instance [10, 11] .
From now on we will let C be a positive constant which may change, from time to time, even within the same line. We introduce two cut-off functions φ and η with the following properties: , with φ and η as above. Clearly, we have
Let us consider
with q = p ′ , from the superlinear heat equation we then have
Since ψ R is Lipschitz and ψ R (·, t) = 0 on ∂B R for every t ∈ [0, R 2 ], ∇ψ R = 0 on ∂B R ×[0, R 2 ], we get
Hence, integrating by parts and recalling the definition of ψ R , we see that
where ν are σ are respectively the unit outward normal and the canonically induced measure on ∂B R . Since u ≥ 0, ψ R (x, R 2 ) = 0 and as φ ′
by equation (3.2), we get
As
it into the above inequality, we get
Taking into account the supports for φ R and η R we then obtain,
By properties (3.1) of φ R , recalling that |∇r| = 1 and thanks to inequality (2.4), we have
Moreover, since φ R , η R ≤ 1, there holds
Now, applying Hölder inequality to both terms in the right hand side of this inequality, we obtain
which, substituted into inequality (3.3) give
This estimate then implies
, that is,
Now, since conditions (VOL) hold, substituting them into inequality (3.4), we obtain
that is,
Finally, since 1 < p < 1 + 2/α, we have that 2 + α − 2q < 0, hence, if we take the limit as R → +∞, we conclude
V (x, t)u p (x, t) dµ dt = 0, which, since V > 0, clearly implies u = 0, as claimed.
